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The w e a k l y  s i n g u l a r  func t ions  which  a r e  u s e d  as  k e r n e l s  of the  B o l t z m a n n - -  V o l t e r r a  i n t e g r a l  
equa t ions  in the  s o l u t i o n  of s t a t i s t i c a l  p r o b l e m s  of the  h e r e d i t a r y  e l a s t i c i t y  t h e o r y  [1] have  been  w i d e l y  
u s e d  in  the s o l u t i o n  of d y n a m i c  p r o b l e m s  as  we l l  [2]. An  e n t i r e  s e r i e s  of s t u d i e s  [3-5] has  been  m a d e  of  
the  b e h a v i o r  of  the  o n e - d i m e n s i o n a l  o s c i l l a t o r  a lone .  In the  p r e s e n t  p a p e r  we s tudy  the p r e v i o u s l y  unknown 
c h a r a c t e r i s t i c s  of  the  s t e a d y - s t a t e  r e g i m e  of a o n e - d i m e n s i o n a l  o s c i l l a t o r  w h o s e  h e r e d i t a r y  c h a r a c t e r i s t i c s  
a r e  d e s c r i b e d  by func t ions  hav ing  an  i n t e g r a b l e  s i n g u l a r i t y  of the Abe l  t y p e .  

1. By v i r t u e  of the  known connec t ion  b e t w e e n  the r e l a x a t i o n  R(t) and  a f t e r e f f e c t  k e r n e l s  K(t) the  
equa t ion  of m o t i o n  of  the  h e r e d i t a r i l y  e l a s t i c  o s c i l l a t o r  can be w r i t t e n  in the e qu iva l e n t  f o r m s  

x'" -~- (%32x - -  (0) ~ - -  0)o 2) ~ R (t') x (t - -  t') tit' = 19 s i n  (or ( 1 , 1 )  

o 
co ~:o 

x'" - ~ O o ~ x  + % i K ( t ' ) x "  ( t - - t ' ) d t ' =  p [s in0) t  Q- "~ I K ( t ' ) s i n ~  1 ( ] . . 2 )  

o 0 
% = (Eoo - -  Eo) Eo -~, 

H e r e  x i s  the  c o o r d i n a t e ,  the o v e r d o t  d e no t e s  d e r i v a t i v e  wi th  r e s p e c t  to t i m e ,  p is  the p e r - u n i t - m a s s  
a m p l i t u d e  of  the  e x t e r n a l  m o n o h a r m o n i c  f o r c e  a c t i n g  wi th  the f r e q u e n c y  w, and the r e l a x e d  E 0 and u n -  
r e l a x e d  E~o v a l u e s  of the  e l a s t i c  modu lus  def ine  the  c o r r e s p o n d i n g  e l a s t i c  o s c i l l a t i o n  e i g e n f r e q u e n c i e s  
~0 and w~o. 

F o r  the  s t a t i o n a r y  s o l u t i o n  

x ~-~ X s in  (co t - -  ~ )  ( 1 . 3 )  

equa t ions  (1.1) and  (1.2) a r e  w r i t t e n  in the  f o r m  of  the  e l a s t i c - v i s c o n s  a n a l o g y  

(0) o2A - -  (o 2)x + o o~(o -1Bx" = p s in  0)t, (o  co 2 - -  o) ~C)x -p  o) Dx" -~  P s in  (0) t - -  q%) ( 1 . 4 )  

P ~- p (C 2 + D2) %, tgq~2-~DC-1 (1.5) 

The  a m p l i t u d e  X and the  p h a s e  (Pi a r e  de f ined  by the e x p r e s s i o n s  

a-~- Xp -I ~-~ [(o) o2A -- 0)2) 2 ~- 0) o~B2)] - 'A= Pp 1 [((o co ~- _ 0)2C)2 + 0)4D~]-lh (1.6) 

tg qh ---~ B [A --  (o / co 0)2] -1 ~ D [C -- (P0) / p0) oo) 2]-2 (1.7) 

H e r e  
co oo o3 ~o 

A = l - p v z ( i - -  i R(t) coso)tdt), B=---vzi R(t)sin0)tclt, C - - i d - v z i  K(t) cos0)tdt, D - - , a ~  K(t, sino)tdt (1.8) 
' 0 ~ 0 0 

I t  is  a l s o  not  d i f f i cu l t  to f ind the i n v e r s e  Q - I  of the  s y s t e m  qua l i t y ,  which  is  t aken  as  the m e a s u r e  of 
the  i n t e r n a l  f r i c t i o n  

i AW 
Q ~-- 2~ w (1.9) 
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H e r e  AW is  the  e n e r g y  d i s s i p a t e d  in  the  c o u r s e  of  one c y c l e ,  and W is  the  m a x i m a l  v a l u e  of the  
e n e r g y  in  a g iven  c y c l e .  

In a c c o r d a n c e  wi th  (1.4) AW i s  c a l c u l a t e d  f r o m  the f o r m u l a  

2~/m 

A W = p  f x 'sincotdt=~pXsin~o~ (1.10) 
0 

o r  is  found as  the a r e a  of the h y s t e r e s i s  l oop  

A W = ~X2oloSB = ~XSo)oo2D (C 2 -}- Ds) 1 (1.1]) 

I t  i s  e a s y  to s e e  the  e q u i v a l e n c e  of (1.10) and (1.11) a f t e r  s u b s t i t u t i n g  t h e r e i n  the  v a l u e s  of X and ~0 l 
f r o m  (1.6) and (1.7). The  m a x i m a l  va lue  of the e n e r g y  is  de f ined  by  the e x p r e s s i o n  

w = ~hx2o)o~A = ~/2x~o) J C  (C~ + D2)-~ (1.12) 

As  a r e s u l t  we o b t a i n  the  f o r m u l a  fo r  the i n t e r n a l  f r i c t i o n  

Q I =  B A - I ~  D C ' t =  tg % (1.13) 

We note  tha t  in  the  q u a s i s t a t i c  c a s e ,  i . e . ,  when  the i n e r t i a l  p r o p e r t i e s  of the  s y s t e m  can  be n e g l e c t e d ,  
the  t angen t  of the p h a s e  sh i f t  angle  (1.7) b e c o m e s  the t angen t  of the m e c h a n i c a l  l o s s  ang le ,  w h i c h  c o i n c i d e s  
i d e n t i c a l l y  wi th  Q- I (1 .13 ) .  

More  d e t a i l e d  i n f o r m a t i o n  on the  c a l c u l a t i o n  of the  o s c i l l a t i o n s  of  e l a s t i c a l l y  h e r e d i t a r y  s y s t e m s  i s  
g iven  in  [6]. 

2. As  the  f i r s t  e x a m p l e  we  s h a l l  e x a m i n e  the v e r y  s i m p l e  w e a k l y  s i n g u l a r  Abe l  k e r n e l ,  which  we 
t ake  a s  the  a f t e r e f f e c t  k e r n e l  

K(t )  = t~-I / ~fl? (,r) (O<'r < t) (2.1) 

H e r e  ~cr i s  the  r e t a r d a t i o n  t i m e .  A s i m i l a r  k e r n e l ,  only  wi thout  the  g a m m a  func t ion  F(~/), was  u s e d  
by  Duffing [7] fo r  a n a l y s i s  of  the  s t a t i c  c r e e p  c u r v e s  of b e l t s  and o t h e r  m a t e r i a l s .  The  d i r e c t  so lu t i on  of 
the  d y n a m i c  p r o b l e m  wi th  the Duffing k e r n e l  l e a d s  on ly  to the a p p e a r a n c e  of the g a m m a  func t ion  in  the  
f ina l  f o r m u l a s ,  wh i l e  the  d e p e n d e n c e  on the f r e q u e n c y  co and the r e t a r d a t i o n  t i m e  v a  ( r e l a x a t i o n  t i m e  ~e) 
r e m a i n s  the  s a m e .  

The  r e s o l v e n t  of the  k e r n e l  (2ol) - the  r e l a x a t i o n  k e r n e l  - i s  de f ined  by  the Rabo tnov  f r a c t i o n a l -  
exponen t i a l  func t ion  [8] 

O9 

R(t)----~CvO'(--v'T't) '  3v-------~'n----o ---~=7 I ' [ 7 ( n + l ~ '  / 2  -- \ ~ :  ; (2.2) 

I t  i s  no t  d i f f i cu l t  to c a l c u l a t e  the  s i n e  and c o s i n e  of the  F o u r i e r  t r a n s f o r m a n t  func t ions  (2.1) and 
(2.2) and then  the q u a n t i t i e s  

A - -  (1 -t- v~) (• -t- c~ ~) B- -  (t -~ va) sin IP 
• + • + 2 cos ~ • + • + 2 cos ~ (2.3) 

C = 1 + v• D =';• sin tp, z ~ (o~, ~2 = 1/2~T (2.4) 

Subs t i t u t i ng  t h e s e  v a l u e s  into (1.6) and  (1.7), we  f ind  r e s p e c t i v e l y  the  a m p l i t u d e ,  t angen t  of the  p h a s e  
sh i f t  a n g l e ,  and  i n t e r n a l  f r i c t i o n  

tg r = [~c~ (cos ~p + x~v -i) -- to ~ (cos ~ + • 0)1-1 m~ ~ sin ~ (2.6) 

Q-t = tg (p2 = (cos ~ + • -1 sin~p (2.7) 

In (2.2)-(2.7)  and h e r e a f t e r ,  w h e r e  the  q u a n t i t i e s  ~" and u a p p e a r  wi thou t  i n d i c e s  i t  i s  a s s u m e d  tha t  
n- = r~ fo r  u = v~ a n d r  = Te fo r  u = r e =  AE/Eoc. 
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F o r  7 = 1 use  of the k e r n e l s  (2.1) and (2.2) in the B o l t z m a n n - V o l t e r r a  
i n t e g r a l  r e l a t i o n s  l eads  to the Maxwell rheo log ica l  model  to wi th in  the 
cons t an t  r e ( u s  = 1 if E 0 = 0). In this  case  the dyna mi c  f o r m u l a s  (2.5)-(2.7) 
c o r r e s p o n d  to the Maxwell model ,  for which  a t  the f r e que nc y  co = co, = coo0/~2 
a l l  the r e s o n a n t  amp l i t udes  i n t e r s e c t  at  a s ing le  point ,  r e g a r d l e s s  of "r, 
r e a c h i n g  at  th i s  point  the va lues  a ,  (~ = 20)o0 -2 [9]~ F o r  the k e r n e l s  (2.1) and 
(2.2) at  the f r equency  co = co, only the r e s o n a n t  amp l i t udes  c o r r e s p o n d i n g  to 
r = 0 and  "r = o0 i n t e r s e c t  and have the va lues  2coo0-2o F o r  a r b i t r a r y  ~" a t  the 
po in t  co = co, (2.5), (2.6) have the f o r m  

a, = a. (~ ( z,'%-~ + • + 2 cos ~ ~'/~ 
u,~v -~ + • -- 2 cos-------~ ] (2.8) 

tg ~z, = 2 (• -~ -- • sin ~p 
(2.9) 

We shal l  s tudy the behav io r  of the ampl i tude  a ,  , s i n c e  (2.8) can be 
used  to find the r e l axa t i ona l  c h a r a c t e r i s t i c s  f r o m  e x p e r i m e n t a l  data .  F o r  
fixed va lues  of 3/ and ~ = E0/Eo0 the dependence  of a ,  on the r e l a x a t i o n  t ime  
"re is  a s y m m e t r i c  peak,  which  unde r  the condi t ion u~ ,  = v r e a c h e s  the 
m a x i m u m  

a,m : a,  (~ ctg x/2 ~ (2.10) 

F o r  l a r g e  and sma l l  v a l u e s  of "r the b e h a v i o r  of the ampl i tude  a* is  
def ined r e s p e c t i v e l y  by the a s y m p t o t i c  f o r m u l a s  

�9 ~ 1 ,  a ,  ~.  a.(O) (i + 2v• cos ~) (2.11) 

~ t ,  a*.~a,(~215 (2o12)  

F i g u r e  1 shows the dependence  of the quant i ty  b - a ,  - a , (~  In  "r8 for  v 8 = 1, (~ = 0) coo0 = xf2. 
The n u m e r a l s  on the c u r v e s  denote the va lues  of the p a r a m e t e r  % 

We f i r s t  i nves t iga t e  the dependence  of the ampl i tude  a ,  on the d iv i s i b i l i t y  p a r a m e t e r  ~ for  f ixed 
va lues  of T and ~ us ing  (2.10) for  the m a x i m a l  va lue  of a ,  m" Then  i t  i s  not  d i f f icul t  to see  tha t  a , m  i n -  
c r e a s e s  mono ton ica l l y  f rom the value  a ,  (~ for  ~ =1 to in f in i ty  as  7 -'* 0. The fol lowing a sympto t i c  

e s t i m a t e s  hold 

T "--> ] '  a*m ~ a*(~ [t "~- 1/2 ~ (i - -  ~)t' 7 >0' a*m ~ 8 (Yc(~ (2.13) 

If ~t ,  y ;~ v, the b e h a v i o r  of a ,  as  Y ~ 1 and ~ / ~  0 is def ined by the e x p r e s s i o n s ,  r e s p e c t i v e l y ,  

~ ~1.  a,~a,(~ [t + ~( l - -  ~)v• (~,2 + • (2.14) 

T ~0,  a*~.~a*(~ (2.15) 

The ampl i tude  a ,  as  a func t ion  of the degree  of r e l a x a t i o n  ~, when "r and ~/play the ro le  of p a r a m e t e r s ,  
i s  defined in  the r e g i o n  ~ ~ [0, 1] and for the s a m e  condi t ion  ~c, qj = v (or in  the v a r i a b l e s  "rs, ~ this  is  
equ iva l en t  to ~ = 1 - u , 8  ~/) r e a c h e s  the m a x i m a l  va lue  def ined by  (2.10). Hence we see  that  with v a r i a t i o n  

of ~ the pos i t ion  of the peak on the In "r e axis  changes  and a ppe a r s  only for  those  va lues  of the p a r a m e t e r s  
"re and y w h i c h  sa t i s fy  the condi t ion  u , 8  v < 1, r a t h e r  than for  any va lues  of these  p a r a m e t e r s .  The 
a sympto t i c  behav io r  of the ampl i tude  a ,  as ~ --" 0 and ~ ~ 1 is  def ined by the e x p r e s s i o n s ,  respec t ive ly ,  

~ ~0,  a,~,h[l-~- 2~(u,sev-l-:c,C~v--2cos2a~)-l(u.Cv--x.s'~)cos~] (2.16) 

h ----- a, (~ (u,J + x,s-v + 2 cos ~)'/~ (• + u,s-~ _ 2 cos lp)-']~ 

~ ~1 ,  a,~.~.a,OIl + 2u, C~'(l--5)cosr (2.17) 

F i g u r e  2 shows the dependence  of the quant i ty  b on ~ for  "r8 = 1, w~ = ~ for  d i f fe ren t  % whose va lues  
a r e  ind ica ted  by the n u m e r a l s  on the c u r v e s .  We note that  for  ~ = 1 al l  the cu rves  for  a ,  conve rge  to the 
s ing le  po in t  a ,  = a ,  (~ by v i r t ue  of the speci f ic  n a t u r e  of the k e r n e l  (2.1) which  d e s c r i b e s  the inf in i te  c r eep  

p r o c e s s .  

3. As the second  example  we c o n s i d e r  the spec ia l  case  of the Rabotnov 37  func t ion  for  v = 1. Then  
the r e l a x a t i o n  and a f t e re f fec t  k e r n e l s  a r e  w r i t t e n  in the s y m m e t r i c  f o r m  

R(t)~-Tr K (t)-~-To-~O~ ( - -  i ,  T~, t ) ( 3 .1 )  
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/g,  

/ 
/ 

In  t h i s  c a s e  

A = ~-bcJ -4- us -~ -t- (t -1- ~-i) cos 
•  

C = :%'~ + ~-~%-'~ + (:t + ~-~) cos 
•  + zo-~ + 2 cos 9 

, B - -  vz sin 
• + u~-~ + 2 cos 9 

v o sin 
D =  

z ~  + uo-~ + 2 cos 9 

In  a c c o r d a n c e  w i t h  (1 .6 ) ,  (1.7), (1.16) we o b t a i n  fo r  the  a m p l i t u d e ,  

p h a s e  sh i f t ,  a n d  i n t e r n a l  f r i c t i o n  

[ • + ~-'~ -4- 2 cos ~ ~J~ (~ ~ 
k ~ z , ~  + ~o %-~ + 2~o0~o cos~0] . ~o - ~Oo ~ -  

F i g .  3 tg  (~1 = [~cox~ Y -~- ~0xs -Y *~ (~o -~ ~cr cos *1-1 (~oo - -  P-0) s i n ,  

Q-i - -  tg r = [usv "4- ~• -1- (1-4- ~) cos ~]-I v~ sin 

F o r  ~ = 1 a l l  the  r e l a t i o n s  ( 3 . 1 ) -  (3.6) c o r r e s p o n d  to the  s t a n d a r d  l i n e a r  body  m o d e l ,  f o r  w h i c h  a t  

t he  f r e q u e n c y  

(3.2) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

o), ~ = % (coco ~ + ~o ~) (3.7) 

the  r e s o n a n t  a m p l i t u d e  a .  does  no t  d e p e n d  on  the  r e l a x a t i o n  t i m e  "re, i . e . ,  a l l  the  a m p l i t u d e s  i n e r s e c t  a t  
a s i n g l e  po in t ,  r e g a r d l e s s  of"re  [10]. F o r  V ~ 1 o n l y  the  two r e s o n a n t  a m p l i t u d e s  c o r r e s p o n d i n g  to "re = 0 
a n d  "re = oo i n t e r s e c t  a t  t h i s  p o i n t  co = co, . F o r  a r b i t r a r y  "rg a t  w = co., t he  a m p l i t u d e  a ,  and  the  p h a s e  ~ l *  

a r e  d e f i n e d  by  the  f o r m u l a s  
- + 2 cos r "~'/~ a,(o) _ 2 a ,  = a ,  (0) ~r •  Y ~ , ( 3 . 8 )  

tg r = 2 (• --  x,s-~ ) sin (3.9) 

We no te  t h a t  (3.9) i s  v a l i d  o n l y  w h e n  o)oo ~ ~ .  F o r  ~ooo = COo, i . e . ,  in  the  a b s e n c e  of a m o d u l u s  de fec t ,  
i t  f o l l ows  i m m e d i a t e l y  f r o m  (3.5) t h a t  (Pl = 0, w h i c h  c o r r e s p o n d s  to the  e l a s t i c  s o l u t i o n .  

S t u d i e s  a n a l o g o u s  to t ha t  of  the  A b e l - D u f f i n g k e r n e l  l e a d  to the  f o l l o w i n g  r e s u l t s .  

T h e  f u n c t i o n  a~, = f ( ~ g )  (~/and ~ a r e  the  p a r a m e t e r s )  f o r m s  a s y m m e t r i c  peak ,  w h i c h  fo r  the  c o n d i t i o n  

~ , , g  = 1 r e a c h e s  a m a x i m a l  v a l u e  

a.m ~--- a. (~ ctgi/~b (3.10) 

F o r  l a r g e  and  s m a l l  v a l u e s  of  "r e the  a m p l i t u d e  a ,  a p p r o a c h e s  the  v a l u e  a ,  (~ w h i c h  i s  c l e a r l y  s e e n  

f r o m  the  f o l l o w i n g  a s y m p t o t i c  e s t i m a t e s  

w~>>t, a, ~ a,(0) (t -t- 2u~-w cos r (3.11) 

w~ . ~  1. a, ~ a,(o) (1 + 2• cos r (3.12) 

F o r  the  c o r r e s p o n d i n g  v a l u e  of ~/ the  c u r v e  of the  f u n c t i o n  a ,  = f ( l n  "re) i s  a n a l o g o u s  to t h a t  s h o w n  i n  

F i g .  1, and  fo r  ~ = 0 t h e y  c o i n c i d e  e x a c t l y .  

F o r  f ixed  v a l u e s  of Tg an d  ~ the  a m p l i t u d e  a ,  i n c r e a s e s  m o n t o n i c a l l y  w i t h  r e d u c t i o n  of y f r o m  the  
v a l u e  a ,(0) fo r  "7 = 1 to i n f i n i t y  a s  ~/--* 0. F o r  e x a m p l e ,  fo r  the  c o n d i t i o n  u , g  = 1, t h i s  i s  e a s i l y  s e e n  f r o m  
(3.10) a n d  fo r  o t h e r  v a l u e s  of  ~ , g  the  a s y m p t o t i c  b e h a v i o r  of a ,  i s  d e f i n e d  b y  the  f o r m u l a s  

~--,1, a , ~ a ~ ) i t W n ( i - - T ) ( •  -11 (3.13) 

~ 0, a, ~-. 2a~)7 -1 [1/an~ -4- (In u.,)~l -'A (3.14) 

F i n a l l y ,  w i t h  c h a n g e  of the  d e g r e e  of r e l a x a t i o n  ~ the  a m p l i t u d e  a ,  c h a n g e s ,  i n c r e a s i n g  m o n o t o n i c a l l y  
f r o m  the  c o n s t a n t  v a l u e  f o r  ~ = 0 to i n f i n i t y  a s  ~ -~ 1. 

T h i s  i s  no t  d i f f i c u l t  to u n d e r s t a n d ,  s i n c e  fo r  co 2 = COo 2 the  e l a s t i c  s o l u t i o n  i s  o b t a i n e d  and  the  a m p l i t u d e  
a t  r e s o n a n c e  w i l l  n a t u r a l l y  be  i n f i n i t e .  A s  ~ ~ 0 the  a s y m p t o t i c  f o r m u l a  h o l d s  

a, ~ %0 {i + "f~ [i + (uoo~v -t- Uoo - ~  - -  2 cos 2r - i  (uco-~ - -  ucov) cos r (3.15) 
a~ ~ (ucow + xcc-w + 2 cos ~)'/~ (• iF xcc-w --  2 cos r uo ~ ~_ r / 1/~ 
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F i g u r e  3 shows  a . a s  a func t ion  of the  r e l a x a t i o n  r a t i o  ~ fo r  v a r i o u s  "y, whose  v a l u e s  a r e  no ted  on 
the  c u r v e s  (~e = 1, cooo = 42). The b a s i c  d i f f e r e n c e  f r o m  the c u r v e s  shown in F i g .  2 i s  tha t  a l l t h e  a m p l i t u d e s  
a ,  a p p r o a c h  in f in i ty  a s  ~ --* 1, s i n c e  they  c o r r e s p o n d  to e l a s t i c  r e s o n a n c e .  

4. T h e s e  r e s u l t s  a d m i t  the  p o s s i b i l i t y  of t h e i r  use  f o r  e x p e r i m e n t a l  a p p l i c a t i o n s .  F i r s t ,  we note  
tha t  the  r e l a x a t i o n  and a f t e r e f f e c t  k e r n e l s  d i s c u s s e d  above  a r e  e q u i v a l e n t  to qu i te  de f in i t e  r e l a x a t i o n  
( r e t a r d a t i o n )  t i m e  d i s t r i b u t i o n  func t ions .  F o r  e x a m p l e ,  f o r  the  A b e l - D u l l i n g  a f t e r e f f e c t  k e r n e l  the  c o r r e s -  
ponding  d i s t r i b u t i o n  func t ion  is  ob ta ined  m o s t  e a s i l y  if  we use  the  de f in i t i on  of the g a m m a  func t ion  in 
t e r m s  of the  E u l e r  i n t e g r a l  and make  a change  of the  v a r i a b l e s  t h e r e i n .  As  a r e s u l t  we can  w r i t e  the  
r e l a t i o n  

oo 
t~ 

t '~-lp ( i  - -  ~) = 1 ~-%-t/~ & ( 4 . 1 )  
0 

f r o m  which  i t  fo l lows  tha t  the r e t a r d a t i o n  t i m e  d i s t r i b u t i o n  func t ions ,  e q u i v a l e n t  to  the  Abe l  and  Duffing 
k e r n e l s ,  have  the  f o r m s  r e s p e c t i v e l y  

]A (T) = (XVa v )-1 ~v-1 sin nT , fD  (I:) = ['~CYI ~ (1 - -  ~/)]-1 TY-1 (4.2) 

The  r e l a x a t i o n  t i m e  d i s t r i b u t i o n  func t ion  fo r  the  Rabotnov  k e r n e l  (2.2) can  be  ob t a ined  i f  we u s e  the  
i n t e g r a l  r e p r e s e n t a t i o n  of the ~y func t ion  by  the Mel l in  f o r m u l a  

1 exp (pt) dp 
�9 ~-~ay (-- ~, ~, t) _ 2~i~ I + ~ (p~)~ (4.3) 

Then, calculating the contour integral (4.3) by the methods of complex variable function theory, we 
obtain the relation 

co 
T-~ exp (--  t / T) dT 

= ~v-----~ ; v~ (~ / T, )~ + v[ 1 (V/~)-v _{_ 2cos a7 (4.4) 

f r o m  which  we s e e  tha t  the  r e l a x a t i o n  t i m e  d i s t r i b u t i o n  funct ion  i s  de f ined  by the  e x p r e s s i o n  

sin n7 [" / ~ \ Y  i ( V ~-Y -1 

Dt ) (4.5) 

F o r  v~ = 1 we ob ta in  the  d i s t r i b u t i o n  func t ion  c o r r e s p o n d i n g  to the  k e r n e l  (3.1). 

I t  fo l lows  f r o m  (4.2) and  (4.5) tha t  the p a r a m e t e r  % def in ing  the weak  s i n g u l a r i t y  of the  h e r e d i t a r y  
func t ions ,  c h a r a c t e r i z e s  the " s m e a r i n g "  of the r e l a x a t i o n - r e t a r d a t i o n  s p e c t r a .  T h e r e f o r e  the  e x p e r i m e n t a l  
d e t e r m i n a t i o n  of ~/ is  of de f in i t e  i n t e r e s t .  Th i s  i s  m o s t  e a s i l y  done fo r  the  o s c i l l a t o r  e x a m p l e  if we s tudy  
the t e m p e r a t u r e  dependence  of the a m p l i t u d e  a .  a t  the  f r e q u e n c y  co = w*,  a s s u m i n g  tha t  the r e l a x a t i o n  t i m e  
~-~ depends  on the t e m p e r a t u r e  T fo l lowing  the A r r h e n i u s  l aw 

v, = re0 exp (--  H I kT) (4.6) 

H e r e  H is  the a c t i v a t i o n  e n e r g y  of the r e l a x a t i e n a l  p r o c e s s ,  k i s  the B o l t z m a n n  cons t an t ,  and Te0 i s  
the  f r e q u e n c y  f a c t o r .  

Then ,  knowing the m a x i m a l  v a l u e  of the  a m p l i t u d e  a ,  m and a .  (~ a c c o r d i n g  to (2.10) and (3.10) we 
ob ta in  

n 7 ~ 4 arc tg (a.(0) / a,m) (427) 

We note  tha t  the p a r a m e t e r  ~ / d e t e r m i n e d  in th i s  way  fo r  the  k e r n e l s  (2.2) and (3.1) h a s  d i f f e r e n t  
v a l u e s ,  s i n c e  in  the f i r s t  c a s e  ~/ c o r r e s p o n d s  to the  b a c k g r o u n d ,  whi le  in the  s e c o n d  c a s e  i t  c o r r e s p o n d s  
to the  r e l a x a t i o n a l  peak  of the  i n t e r n a l  f r i c t i o n  Q-1 and the p r o c e s s e s  c o n t r o l l i n g  t h e s e  phenomena  have  a 
d i f f e r e n t  n a t u r e .  The  v a l u e s  of ~ /ob ta ined  f r o m  the  t e m p e r a t u r e  dpendence  of Q - I  fo r  the  b a c k g r o u n d  of  
c e r t a i n  p u r e  m e t a l s  (Cu, A1, F e ,  Mo, W and o t h e r s )  l i e  in  the  r a n g e  0 .2 -0 .3  [11]. The v a l u e s  of ~ fo r  the  
r e l a x a t i o n a l  p e a k s  a r e  c o n s i d e r a b l y  h i g h e r  fo r  e x a m p l e  fo r  the  g r a i n  b o u n d a r y  peak  in  p o l y c r y s t a l l i n e  
a l u m i n u m  ~ 0.7 [12]. 

Thus, study of the temperature dependence of the oscillator amplitude a. in the steady-state regime 
makes it possible to determine the parameter T by the same method for fundamentally different phenomena. 

Another important characteristic of the relaxational process is the activation energy H, which in the 
present method, regardless of whether it is related with the peak or the background, is defined by the same 
f o r m u l a :  
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H ~  kT1T2 (T~ - -  r l )  -1 In (co .9" co .1-9) (4.8) 

F o r  an unchanged re laxat ion rat io the var ia t ion  of the f requency co, is achieved by varying the mass .  
The frequency fac tor  for  the background is found f rom the formula 

In V~o ~ In v~ -- 1/2 [ln (0),10).3) ~ H k  -1 (T1-1 ~ T~-I)] (4.9) 

and for  the peak we must set  Pe = 1 in (4.9). 

Thus, study of the resonant  amplitude of the he red i t a r i ly  e las t ic  osc i l la tor  at the f requency ~ = ~ ,  
makes it possible to find all the p a r a m e t e r s  of the relaxat ional  spec t rum.  

In conclusion the author wishes to thank Yu. N. Rabotov for  disccusions of the resu l t s .  
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